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Abstract. We compare the homology groups H^ C (X) of the chain complex 
of integral currents with compact support of a metric space X with the singular 
Lipschitz homology H% (X) and with ordinary singular homology. If X satisfies 
certain cone inequalities all these homology theories coincide. On the other 
hand, for the Hawaiian Earring the homology of integral currents differs from 
the singular Lipschitz homology and it differs also from the classical singular 
homology H n (X). 



1. Introduction and results 

Building on the theory of metric currents (see [AKOO]), Stefan Wenger intro- 
duced the homology of integral metric currents with compact support ([Wen07]) in 
complete quasiconvcx metric spaces that admit certain cone inequalities. As the 
axioms of Eilcnberg-Steenrod for a homology theory are satisfied, this homology is 
isomorphic to the singular (Lipschitz) homology on finite CW-complexes. 

Here, we compare this homology of metric currents with the singular homology 
and the singular Lipschitz homology. If locally cycles can be filled by a diameter- 
controlled chain, all three theories arc identical. In the special case of the Hawaiian 
Earring we show that the later homology theories do not coincide with the first 
one. 

Definition 1.1. A subset S of a metric space X admits a strong 7-Lipschitz con- 
traction, 7 > 0, if there is a map <f) : [0,1] x S -> X and x e X such that 
0(1, •) = ids, 0(0, s) = x , Vs C S, and 

d(<j>(t, s),(p(t', s')) < 7 diam(5)|t - t'\ + jd(s, s'). 

The space X admits locally strong Lipschitz contractions if for all x e X there is 
r x > and -f x > such that every subset U C B r ^ (x) admits a strong 7.2,-Lipschitz 
contraction. 

Remark 1.2. What we call a strong 7-Lipschitz contraction is also called simply a 
j-Lipschitz contraction (e.g. in [Wen07]). However we want to emphasize that the 
contracting map has this diameter bound for the first entry. 

For example complete CAT(f«)-spaces admit locally strong 7-Lipschitz contrac- 
tions; we come back to this in subsection 3.1. 

We denote the group of fc-dimensional integral currents in X with compact sup- 
port by Vj,(X). We let Cfc(X) be the group of singular Lipschitz fc-chains, and 
we let Ck(X) be the group of singular fc-chains, both with coefficients in Z. For 
c e (X) the current induced by c is denoted by [c] . The boundary of a current T 
is dT; the boundary of a chain c is be. For a (Lipschitz) chain c, we denote by sd m (c) 
the m-th barycentric subdivision of c. For A C X, B r {A) := {y e X; d(A,y) < r} 

Key words and phrases. Singular (Lipschitz) homology, homology of compactly supported 
integral currents. 
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is the open r-ncighbourhood of A. The support of the current T is denoted by 
spt(T), and we write im(c) for the union of the images of the simplices of a chain. 
Definitions of these concepts can be found in section 2. 

We write H^ c (X) for the homology of the chain complex of integral currents with 
compact support of a metric space X, H^(X) for the singular Lipschitz homology 
and H n (X) for ordinary singular homology. 

Theorem 1.3. Let X be a complete metric space. For T E lo{X) there exists 
cG Cfr(X) withT= [c]. 

Suppose the complete metric space X admits locally strong Lipschitz contractions, 
lete>0 and n E N. Given T E l° n {X) with dT = [c] for c E C^^X) and be = 0, 
there exist N E N, T 1 ,...,T N E I c n (X), a,...,c N E C%(X) andVi,...,V N E 
I^ +1 (X) such that 

i) J^Ti — T and dVi — Ti — [cj] 
ii) 3m E N U {0}: b(J2 c t ) = sd m (c). 

Hi) spt(Vi) U im(cj) C B e (spt(T) U im(c)) and diam(spt(T^)) < e. 

Note that i) implies that T and J2i c i] are homologous. 

Corollary 1.4. If X and the closed subset A C X admit locally strong Lipschitz 
contractions then the homology of integral Lipschitz chains is isomorphic to the 
homology of integral currents with compact support: 

H£(X,A) =Hl c (X,A). 

The isomorphism is induced by the map [] : C^(X) — > I^(X). 

Theorem 1.5. Let X be a metric space. Then Cq(X) = Cq(X). 

Suppose that the metric space X admits locally strong Lipschitz contractions, let 
e > and n E N. Given c E C n (X) with be E C'^^X), there exist N E N, 
ci, . . . , cn G C n (X), Ci, . . . , cj^ G C^(X) and ci, . . . , cjv G C„ + i(X) suc/i i/iai 
i; 3m G N U {0}: ^ c, = sd m (c) and fe^ = Cj — cf 
iij im(cj) C B e (im(c)) and diam(im(cj)) < e. 

Corollary 1.6. If X and the subset A C X admit locally strong Lipschitz contrac- 
tions then the homology of integral Lipschitz chains is isomorphic to the singular 
homology: 

Ht(X,A) =H k (X,A). 
The isomorphism is induced by the inclusion C*(X) C C*(X). 

The above theorems are proved in a more general setting where we make as- 
sumptions on local fc-cycles for < k < n, see section 3. 

The Hawaiian Earring H C R 2 is given by the countable union of the circles 

L n = {xE R 2 ; \\x - (1/n, 0)|| = l/n} 

with radius l/n and centre (l/n, 0), n G N. As metric on EI we set 

._ ( \\x-y\\, if 3n E N : x, y E L n , 
[ ,V) '~ \ \\x\\ + \\y\\, otherwise 

(we could as well take the length metric of H). Note that any neighbourhood of (0, 0) 
in HI contains all but finitely many of the L n . Thus HI is not locally contractiblc, 
and in particular not a CW-complcx. 

We show in section 4 that the maximal divisible subgroup of H[ C (H) is trivial 
whereas the maximal divisible subgroups of iff (H) and Hi (H) are non-trivial. This 
implies that 

Theorem 1.7. H[ C ()SL) is isomorphic neither to H{ (H) nor to ifi(H). 



SINGULAR (LIPSCHITZ) HOMOLOGY AND HOMOLOGY OF INTEGRAL CURRENTS 3 



Note that Thierry De Pauw compares in [DP07] various homology theories. How- 
ever, neither metric currents nor singular Lipschitz chains are considered therein. 

The paper is organized as follows: The definitions of currents and singular (Lip- 
schitz) chains are given in section 2; there we also recall facts needed later on. The 
proofs of Theorem 1.3 and Theorem 1.5 as well as of their corollaries are given in 
section 3; in section 4 we prove Theorem 1.7. 

Acknowledgements. We are grateful to Urs Lang, Roger Ziist and Lorenz Reichel 
for helpful discussions and comments. 

2. Definitions 

2.1. Currents. We recall some definitions from [AKOO]. Let X be a complete 
metric space. By D k (X) we denote the set of (fc + l)-tuples (/, 7Ti, . . . , ir k ) of 
Lipschitz functions from X to M with / bounded. We write Lip(/) for the Lipschitz 
constant of the Lipschitz function /: X — > M. 

Definition 2.1 ([Wen07, 2.1]). A fc-dimensional current T on X is a multi-linear 
functional on D k (X) satisfying the following properties: 

i) If irf converges point-wise to 7Tj as j — > oo and if sup i;J - Lip(nj) < oo then 

T{J,k{, ...,7r£) -> T(/,7Ti,.. . ,7Tfc). 

ii) If {x G X; f(x) ^ 0} is contained in the union U i=1 of Borel sets Bi 
and if 7Tj is constant on Bi then T(f, ni, . . . , ir k ) = 0. 

iii) There exists a finite Borel measure fi on X such that 

(2.1) |T(/,7ri,...,7r fc )|< JjLip(Tri) /" \f\dfi 

i=l Jx 

for all (/,7ri,...,7r fc ) G I? fc (X). 
Let Mfc(JT) be the set of fc-dimensional currents. 

The minimal Borel measure [i with (2.1) is called mass of T and written as ||T||; 
set M(T) := \\T\\(X). 

The support spt(T) of T is the closed set given by 

spt(T) := {x G X; ||T||(B r (a;)) > 0, Vr > 0}. 

Remark 2.2. As is done in [AKOO, Wcn07], we will henceforth assume that the cardi- 
nality of X is an Ulam number. Then for T e M k (X) one has ||T||(X\ spt(T)) = 
(see [AKOO]). 

Let xc be the characteristic function of a set C. For a Borel set A C X and 
T £ Mfc(X) we define the restriction of T to A as 

( T l A )(f,ni, ...,71-fe) := T(xa/,7Ti, . . .,71*), 

which is in Mfe(X) (the above expression is well-defined since T extends to a func- 
tional whose first argument lies in L°°(A, ||T||), see [AKOO]). 
The boundary of T e Mfe(A) is the functional 

9T(f, TTl, ■ • • , Tfc-l) : = ^(1, /, 7Ti, . . . , 7Tfe_i). 

We say that T is normal if dT e Mfe_i(A); the space of normal currents is denoted 
by N k (X). From the locality property for currents (condition ii)) we get d(dT) = 0. 

For a Lipschitz map g : X — > Y to a complete metric space (Y, d) and a current 
T e Mfe(X) we define the push-forward of T by j to be g#T(f, ir\, . . . , 7Tfe) := 
T(/o 5 , 7ri o ff ,..., 7 r fc o 5 ) for (/, 7n, . . . , w k ) e £> fe (Y). Then, % # T) = fl# (0T). 

Definition 2.3 ([Wcn07, 2.3]). A current T e M k (X) with fc > 1 is said to be 
rectifiablc if 
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i) ||T|| is concentrated on a countably H fc -rectifiable set and 

ii) ||T|| vanishes on H fc -negligiblc sets. 

The current T is called integer rectifiablc if, in addition, the following property 
holds: 

iii) For any Lipschitz map <p : X —* R k and any open set U C X there exists 
9 e L 1 (R k ,Z) such that 

(f>#(T[U)(f,TTi, . ..,7Tfe) = / 0/det(^)dC fe (s) 

for all (/,7n,...,7r fc ) G D k {X). 
A O-dimensional (integer) rectifiable current is a T e M (X) of the form 

oo 

(2.2) r(/) = I>/(zi). 

i=l 

/ Lipschitz and bounded, for suitable #j S R (0, S Z respectively, note that in this 
case the sum has to be finite) and Xi € X. We write T = ^[a-d- 

The space of integral currents, i.e. integer rectifiable and normal currents (equiv- 
alently defined as integer rectifiable currents with integer rectifiable boundary, see 
[AKOO, Theorem 8.6]), is denoted by I k (X) and 

I c k (X) := {T e Ife(A); spt(T) is compact} 

is the space of integral currents with compact support. So, d\i k rx)'- Ife(-^) ~~ * 
Ifc-iW, a| ISW :Ig(X) I^X) and ff# T e I£(F) for T e F fe (X) and g Lips- 
chitz. 

Let A c A be a closed subset, we define (see [Wen07, p. 159]) 
Zi c (X,A) := {T E I r k (X);dT E I c fe _i(^)} 

Bl c (X, A) := {i? + OS; R E 1%{A), S e F fe+1 (I)}. 

The homology of integral currents with compact support is 

Hi c {X,A) := Zl, c (X , A) / B[ c {X , A) . 

If A = we write i^ c (Jf). 

For T e N fe (X) and a Lipschitz function ci : X — > R we set 

(T,d,r+) := a(TL{d<r})-(9T)L{d<r} 
= (dT)[{d>r}-d(T[{d>r}). 

If T e l%{ X) then, for almost all r E R, (T,d,r+) E I%_ 1 (X). This is called the slice 
of T by d at r and we denote it by (T, d, r). Note that (<9T, d, r+) = -d(T, d, r+) 
and that 

spt((T, d, r» C cT^r} n spt(T). 
2.2. Singular (Lipschitz) chains. Let 

A k := {(s , . . . , s fc ) G K fc+1 ; ^ S J = 1 and ^ S J' V -?} c Rfe+1 

be the standard simplex. Sometimes it is more convenient to consider A fe as a 
subset of R k ; for this we choose an isometry : M fe ^ {s e R k+1 ; s j — 1} an d 
define A fc = </> _1 (A fe ). Let X' be a metric space (not necessarily complete). 
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Definition 2.4. A singular fc-simplcx c is a continuous map c : A fc — ► A'. 

A singular fc-chain c over an abelian group G is a finite formal sum c = YllLi n i c i> 
where G G and Cj are singular simplices. 

A singular Lipschitz fc-chain is a singular fc-chain c = X)"=i n i c i where all Cj are 
Lipschitz maps. 

We use only G = Z and speak of integral (Lipschitz) fc-chains. We denote by 
Cfc(X') the free abelian group of integral fc-chains and by Cfc(X') the subgroup of 
integral Lipschitz fc-chains. 

Let [e , e\, . . . , e^] be the vertices of the standard fc-simplex for fc > 1, then the 
boundary of a singular (Lipschitz) fc-simplex c is the (Lipschitz) (fc — l)-chain 

k 

6c:=V(-lVc|, 

' \{e ,...,e j ,...e k ] 

3=0 

where ij means that ej is omitted. By setting be = YliLi n i^> c i f° r a fc-chain c = 
J2iLi n i c i an d defining be = for 0-chains, we get homomorphisms b : Cj. L \x') — > 
C^iOX 7 ) such that 6(6c) - 0. For a subset Acl' let 

z£ L) (A',,4) := {ce C7i L) (X'); 6c e cl L MA)} 
Bf\x\A) := {c + 6c; c£ cf >(A), c£ C^(X')} 

and 

^(X',.4) := zi L \x',A)/Bi L \x',A). 

If 4 = we write H ( k L) (X'). There is a natural comparison homomorphism 
H%(X,A) -> ff„(X,A) which is induced by the inclusions C^S 1 ) -> C„(S') for 
subsets Scl. 

For the complete metric space X, any integral Lipschitz fc-chain c = Y^ILi n i c i 
induces an integral current [c] with compact support defined by 

[c](/,7r 1; . . . ,7r fc ) == f> / / °* dct f ^° 5 ' } ) d£ fc ( S ), 

where Cj = c, o <p. The maps [] : Cfc(X) — » I£(A) are homomorphisms. By Stokes' 
theorem we get [6c] = 3[c], so [] is a chain map for these complexes. We also refer to 
the induced maps between the homologies of these complexes as comparison maps. 
For c = Y^iLi n i c i e Ck(X') with ^ we define 

m 

im(c) := (J im(cj) 

i=l 

(this is well-defined since Ck(X') is free over the fc-simplices, so the representation 
of c as sum of simplices is unique). 

The push-forward of c e Ck(X') to the metric space Y by the continuous map 
g:X' -> Y is the chain # # c := E™i n *(ff° c,) € C fe (Y). Again, b(g # c) = g#{bc). 
If c e C^(A') and 5 : X' -» Y is Lipschitz then 3# c e C£(Y); if A and Y are 
complete and g : X — > Y is Lipschitz, [<7#c] = <7#[c] for all c G Cj^(X). 

In order to get smaller simplices (i.e. simplices with smaller diameter) we use 
barycentric subdivision. This standard construction can be found in [Hat02] or 
[Mun84]. We only list the facts that we need later. Let m be given and sd m (c) 
denote the singular (Lipschitz) fc-chain resulting from the m-th barycentric subdi- 
vision of the singular (Lipschitz) fc-chain c, then: 
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i) For k > there is a homomorphism D mt x'-Cj^\x') — > cj^^X') such 
that for each /c-chain c 

(2.3) b(D m , X '(c)) + D mtX >(bc) = sd m (c) - c. 

Furthermore, D m ,x' is natural: for /: X' — > Y Lipschitz, /# o D m ^x> = 
F> m .y ° /#• 

ii) Applying iterated barycentric subdivision, we can get arbitrary small di- 
ameter of the image of the resulting simplices. 

iii) For c e C£(X') holds [sd m (c)] = [c]. 

iv) &(s<f"(c)) = sd m (6(c)). 

2.3. Cone inequalities. Here we give the definitions of miscellaneous cone in- 
equalities. These inequalities are used in Theorem 3.2 and Theorem 3.4 which 
generalize Theorem 1.3 and 1.5. We recall the construction of [0, 1] x T for a nor- 
mal current T (from [Wcn07] which is a modified version of the one in [AK00]) and 
something similar for chains. This allows us to show in Proposition 3.1 that spaces 
which admit locally strong Lipschitz contractions also admit these cone inequalities. 

Definition 2.5. Let k > 1 and let 

T ■= {F : M. — > R; F is continuous and non-decreasing with F(0) — 0}. 

• X admits a local cone inequality for 1%{X) if for every x e X there exists 
r x > and F x € J- such that for every T e I£(X)_with <9T = and spt(_T) C 
S ra; (x) there exists a T e Ife+i(X) satisfying dT = T and diam(spt(T)) < 
F x (diam(spt(T))). 

• A admits a local cone inequality for c\^\x) if for every x e A there 
exists r x > and F x <E T such that for every c € c\^\x) with fee = 
and im(c) C B Tx {x) there exists a c € C^\(X) satisfying be — c and 
diam(im(c)) < i 7 ! r (diam(im(c))). 

• A admits a local cone inequality for Cq L \x) if for every x £ X there 
exists r x > and F x <E T such that for every c — n i c i € Co^^) with 
XI n i — an d im(c) C B r ^(x) there exists an c e c[ L \x) satisfying bc= c 
and diam(im(c)) < i ?1 x (diam(im(c))). 

Note that our definition of cone type inequalities for currents is different from 
the one used in [Wen07]; there one has the condition that locally there exists a 
filling with controlled mass whereas we consider only compactly supported currents 
and our condition is that locally there exists a filling with controlled diameter. 

The following lemma is from [Mun84, Lemma 30.6] (therein it is stated for the 
singular theory in topological spaces, see below). 

Lemma 2.6. There exists, for each metric space X and each non-negative integer 
k, a homomorphism 

K x :Ci L \x)^Ci L ^([0,l}xX) 

having the following property: If c € C\^\x) is a singular simplex, then 

(2.4) bK x (c) + K x (be) - j# (c) - i# (c) . 

Here the map i:I^[0, l]xl carries x to (0, x); and the map j : X — ► [0, 1] X X 
carries x to (l,x). 

We only adumbrate the proof (carried out in [Mun84] for the continuous case) to 
indicate that this holds for Lipschitz chains too: One wants to look at [0, 1] x c as a 
chain in Cj^QO, 1] xl), where c is a singular simplex in C^\x). To do this, one 



SINGULAR (LIPSCHITZ) HOMOLOGY AND HOMOLOGY OF INTEGRAL CURRENTS 7 

first gives a decomposition of [0, 1] x A k into a (k + l)-chain consisting of (regular) 
simplices in R k+2 . Then one carries this decomposition over to [0, 1] x X for every 
simplex c e cj^\x) in an intuitive way, producing a chain c in C^\([0, 1] x im(c)). 
Clearly, this construction respects the Lipschitz continuity. 

We can also define [0, l]xT for a normal current T (see [Wen07, p. 146]): Given 
a function / : [0, 1] x X — > R we set ft(x) := f(t,x), so f t is a function from X 
to M. For T <E Nfe(X) we define the normal fc-current [t] x T on [0, 1] x X by 
([*] xT)(/,7ri,...,7r fc ):=T(/ t ,7ri t ,...,7rfct). 

Definition 2.7 ([Wcn07], Definition 3.1). For a normal current T e N fe (X) the 
functional [0, 1] x T on L> fe+1 ([0, 1] x X) is given by 

([0,1] xT)(/,7ri,...,7r fc ) == 

y^(_l)'+! / T(/t-^-,7Tlt, . . . ,7ri_l t ,7Ti + lt,. • • ,7Tfc + lt)dt 
i=l 

for (/,7r 1 ,...,Tr fe+1 )e^ fe + 1 ([0,l] xX). 

Proposition 2.8 ([Wen07], Theorem 3.2). For T e N fe (X), fc > 1, with bounded 
support the functional [0, l]xT is a (k+ 1) -dimensional normal current on [0, 1] x X 
with boundary d([0, 1] x T) = [1] x T- [0] x T- [0, 1] x <9T. Moreover, i/T e I fe (X) 
i/ien [0, 1] x T e lfe+i([0, 1] x X). 

3. Proof of Theorem 1.3, Theorem 1.5 and their corollaries 

3.1. Lipschitz contractions and cone inequalities. Examples of spaces that 
admit locally strong Lipschitz contractions are Banach spaces or CAT(K)-spaces for 
cel. This is discussed on pp. 146 and 147 in [Wen07]; as well from there follows 
the last statement of the following proposition. 

Proposition 3.1. Let X be a metric space that admits locally strong Lipschitz 
contractions. Then X admits local cone inequalities for Cj'(X) and Cj(X) for all 

3 > o. 

If in addition X is complete then it also admits local cone inequalities for l c k (X), 
k>l. 

Proof. Denote by x[] the constant n- simplex with image x G X. Note that bx\] = 
if n is odd or zero and bx[] = x 7 ^ 1 if n is even. 

Let x £ X with r x > and j x > as in the definition of locally strong Lipschitz 
contractions. Note that for a 7^-contraction <f> of a set 5* we have 

diam(0([O,l] x S)) < 2 7a; diam(5'). 

Now we use the homomorphism K := K x ■ C { k L) {X) -> C^QO.l] x X) from 
Lemma 2.6. Let c € c[ L] \X) with im(c) C B Tx (x). Let <j> : [0, 1] x im(c) -^Ibea 
j x contraction. The push-forward of K{c) by <j) is clearly in C^ X {X). If be = we 
have K(bc) = 0. In this case, for c = X) n « c i> we have by (2.4) 

H<f>#K(c))=c-'$2mxZ. 

Since be = we have, for k even and positiv, ^m — Q; i.e. c := <j>#K(c) is a filling 
of c in this case. If k is odd, a filling of c is given by 

Note that, if c is a Lipschitz chain, so is c. If k = 0, c = with = a 

Lipschitz filling is given by the 1-chain c(t) := ^ n i4>{t-> x i)- Furthermore, 

diam(im(c)) = diam(im(0#_KT (c))) < 2j x diam(im(c)). 
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Now let X be complete. If T G I k (X) has spt(T) C B rx (x) and dT = 0, we get 
a filling T := 0#([O, 1] x T) in I k (X) (by Proposition 2.8) with spt(T) C im(</>), 
i.e. diam(spt(T)) < 27diam(spt(T)). If in addition T G l c k {X) then [0,1] x T G 
lfe + i([0, 1] x X) and therefore spt(T) is compact. 

Concluding we see that if X admits locally strong Lipschitz contractions then 
X admits local cone inequalities for Y k {X), k > 1, and Cf ] {X), j > 0, with 
F x (t) = 2 lx t. □ 

3.2. Proof of Theorem 1.3. Theorem 1.3 follows by Proposition 3.1 from the 
more general fact stated below. 

Theorem 3.2. Let X be a complete metric space. Then for T G Io(-X") there exists 
ceC'o(X) withT= [c]. 

Suppose the complete metric space X admits local cone inequalities for Ij(X) 
and C^(X) for j = 1, . . . , n and k = 0, . . . ,n — 1 and let e > 0. Given T G I^j(^) 
with dT = [c] for c e C^_iP0 and be = 0, there exist N G N, Ti, . . . , T N G I°(X), 
Ci, . . . , cjv € C^(X) and V\, . . . , Vn G such that 

i) J2 % = T and dVi = T t - [a] 
ii) 3m e N : &(E c i) = sd m (c). 

spt(Vi) U im(cj) C B e (spt(T) U im(c)) and diam(spt(\^)) < e. 

Remark 3.3. By a part of a chain c = Y^iLi n i c i we mean a chain d = Y^iLi n 'i c i 
such that m = n\ or < = 0. Let c e ci L) (^), n > 1 and U C X. For e > 
there exist a chain c G d L \B e (U)) that is a part of sd m {c) for some m e No and 
such that im(s(i m (c) — c) C X\f7. To see this, it is enough to consider a singular 
n-simplex c. Let m € N be such that sd m (c) = X) TO i c i w ^h diam(c^) < e for all 
i. Set c := E TO i c » ^ ci L) (B e (C/)), where mi = if im(ci) n [/ 7^ and m 4 = 
otherwise. 

This fact will be used in the proof to construct a simplicial boundary close to a 
slice of a simplicial cycle with a filling of the difference: Let be — and U — {d < r} 
for a Lipschitz function d : X R and r € K. Then, since [c] [{/ = [c] — [c] L(X\C/), 
we have ([c],d,r+> = 9([c]LC/) = [6c]-9([c] \_{X\U)). Thus, [c]L(X\f/) has boundary 

(3.1) d([c][(X\U)) = [bc]-([c],d,r+). 

Proof of Theorem 3.2. We argue inductively on the dimension of the current; for 
the induction step we use another induction on the number of balls needed to cover 
spt(T) Uim(c). Let n = 0. The decomposition (2.2) gives the desired equality for 
integral currents, i.e. T — J27Li n i[Qi] an d c := YmL 1 n i1i- 

Now let n > : For a; G X, let > denote the minimum of all radii in the 
(finitely many) cone inequalities for x and F x the maximum function of all those 
diameter functions for x. We can assume that F x {r) > r. Let < R x < r x be such 
that 

2(R X + F X (2R X + 2F X (2R X ))) < e. 

Cover spt(T) U im(c) by balls of radius R x and centers in spt(T) U im(c). We get 
a finite subcover with centers X\, . . . ,%; set Ri := R x . and Fj := F x .. We show 
that there are Vi, Ci and Ti, i = 1, . . . , M, with properties i) and ii) of Theorem 3.2 
that fulfill moreover 

(3.2) spt(V/,)Uim( Cj ) C Bj(aJi); 

this clearly implies iii). 

If M = 1 the cone inequality for C^_ 1 (X) gives a filling c\ G C^(X) of c 
(note that for n = 1, c = J2 n iQi necessarily J2 n i = ^(1)1) = 0)- We have now 
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im(ci) C Bn 1+ p 1 (j 2 ji 1 ^(xi). Set T± := T; now the cone inequality for 1^(X) gives a 
filling Vi G I^+i (X) of T — [ci] with support in B* (x x ). 

KM > 1 let < i? < i? M be such that spt(T)Uim(c) C S^(a; M )U|J^ 1 Br^xC). 
Set a := Rj " 4 ~ fi and choose r G (.R+a, _R+3a); note that R < r-a < r + a < R M . 
We slice T by d(x) ■= d(xM,%) at r. We can assume that (T,d,r) g (and 
hence (dT,d,r) g I£_ 2 W for n > 1) and that ||<9T|| (d^O)) = for n = 1. 

For n = 1 set directly 5 := T[{d > r}; this is an integer rectifiable 1-current 
with compact support. Since dS = (dT)[{d > r} — (T,d,r) g Io(-X") we have 
5 1 g Ii(-X"). As above we see that dS — ^ nife] with ^m — Q. By induction there 
are c 1 , . . . , c M -i, ?i, . . . , 7m_i and Vl, . . . , V M -i with ft^c* = E property 
i) of Theorem 3.2 for S instead of T and with (3.2). Now, T M := T - S has 
spt(T M ) C B Rm (x m ) and boundary 9(T M ) = dT-dS =: again, £>^- = 

0. So there is a c M € Ci(Br m +f m (2R m )(. x m)) and a filling Vm of T M - [c M ] with 
spt(V M )supim(c M ) C B Rm+Fm{2(Rm+Fm{ 2 Rm))) {xm) C Bl(x m ), proving the case 
n = 1. 

If n > 1, choose e' := a/2. We can apply remark 3.3 for c, e' and the slice by d 
at r to get c g C^i(B r+t i(x M )) and mi g N with im(sd mi (c) — c) C X\B r (x M )- 
Now, T' := (T,d,r) - [c}[{d > r} has by (3.1) 

dT' = -(dT,d,r) - d([c][{d > r}) = -[be], 

in particular, T' g I^_ 1 (X). By induction assumption for T" and e' and c' := —fee 
there exist T{, . . . ,T' K g I^^), V/, • . • , G 4, . . . c' K G C£_iP0 and 

777-2 G No With 

and 

im(^c0 Uspt(^V/) C ^(spt(T') Uim(6c)) C Bfl M (x M )\^(x M ). 
So we have an (a priori only) integer rectifiable n-current with compact support 

S:=TL{d>r} + ^;^ 
with spt(S) C Ui^T 1 B Ri (xi). The boundary is 
dS = d(T[{d>r}) + T'-Y J \<] 

= (8T) [{d >r}- (T, d, r) + (T, d, r) - [c] L{d > r} - ^] 
= [c]L{d>r}-[c]L{d>r}-^K] 

so 5 is integral. By construction, im(sd mi (c) — c) and im(^c^) are subsets of 

U J =7 1 B Rt 0*) and for 5 := sd™ 2 (sd mi (c) - c) - J2 4 wc have & ( 5 ) = sd mi+m2 (6c) = 
0. 

By induction for S there are Ti, . . . , Tm-i, Ci, . . . , Cm-i, Vi, • • • , Vw-i and 7773 
with properties i) and ii) of Theorem 3.2 and (3.2). Set Tm := T — S, then 

dT M = dT-dS= [c] - [5] 

= [sd mi+m2+m3 (c) - sd ms (sd m2 (sd mi (c) -c)-J2 c *)l 
= [sd m2+m3 (c) + sd m3 (J2 c ^- 

With c" := sd m2+m3 (c) + scr 3 (£cQ, we have im(c") C B Rm (x m ) and 6c" = 
sd™" 3 (sd m2 (be) + b^c^) — 0. So by the cone inequalities there exist fillings cm G 
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C^(X) of c" and Vm € I^ +1 (X) of T — S— [cm] with image and support in B^(xm)- 
Finally, 



A I 



fe(^ Cj ) = S d m3 {c)+c" 



i=l 

= , s( i" ll + m2 + m3 (c) - S( f" 2+m3 (c) - sd m3 (J2 4) 

+s(T 2+m3 (c) + s(f™ 3 (E c 'i) 
= sd m (c) 

for m = mi + m 2 + m 3 . □ 

3.3. Proof of Theorem 1.5. The following implies Theorem 1.5 by Proposi- 
tion 3.1. 

Theorem 3.4. Let X be a metric space. Then Cq{X) = Cq(X). 

Suppose the metric space X admits local cone inequalities for Ck(X) and C^(X) 
for k — 0, . . . , n and j = 0, . . . , n — 1 and let e > 0. Given c E C n {X) with 
be E C^^X) there exist N E N, m E N , Ci,. . . ,c N G C n (X), cf, . . . ,c% G C%(X) 
and c\, . . . , cjv € C„+i(X) swc/i £/ia£ 



^ Ci = sd m {c) and bci — c, 
ii) im(ci) C _B e (im(c)) and diam(im(ci)) < e. 

The proof of this theorem is essentially the same as the proof of Theorem 3.2, 
when slicing is exchanged by subdivision. 

Proof of Theorem 34. Let n = 0. Clearly, C (X) = Cft(X). Let now n > and 
assume that the theorem holds for n—1. For a; € X, let r x denote the minimum of 
all radii in the (finitely many) cone inequalities for x and F x the maximum function 
of all those diameter functions for x and assume that F x (r) > r. Let < R x < r x 
be such that 

2(R X + F X (2R X + 2F X {2R X ))) < e. 

Cover im(c) by balls with center in im(c) and of radius R x and choose a finite 
covering; let the centers be X\,...,x m , denote R { := R x . and F^ := F Xi . We 
show by induction that there are c,, cf and Cj, i — 1, . . . , M, with property i) of 
Theorem 3.4 and the property 

(3.3) imfcjJcB.^). 

If M = 1 the claim follows directly from the cone inequalities. If M > 1 let 
< R < R M such that im(c) C B R (x M ) U U^^.O*)- Set a := and 
choose r G (-R + a, R + 3a); note that R < r — a < r + a < Rm- Now let mi > 
be such that each simplex of sd mi (c) has image with diameter less than a/2. 

Let c + be the part of sd mi (c) consisting of all simpliccs whose image has non- 
empty intersection with X\B t (xm) and let c~ := sd mi (c) — c + . Let c denote the 
part of the boundary of c + that is not Lipschitz (note that is also the negative of 
the non-Lipschitzian part of bc~) and set c L := bc + — c. 

Now, be = b(bc+ - ~c L ) = -b~c L E C%_ 2 {X), and im(c) C \J™~ 1 B Ri (a*). By 
induction for c with e' '■— a/2, there are c'i,...,c' N 

G C„_i(X), 

C,f_i(X), c'i, . . . , G C„(X) and m 2 G N such that £ 4 = sd m2 (c), bc[ = d t -c[ L 
and im(^c-) c B e /(im(c)) C B r+a (x M ) - B r _ a (x M )- 
Set 



S d m2 ( C + )-^^GC„(X). 
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Then, ini(z) C Uti 1 BRi( x i) and 

bz = S d m H~c L + c) + j2^-J2< 

By induction for z there are c\,...,Cm-i € C n (X), cf, . . . , c£ f _ 1 G C^(X), 
Ci, . . . , Cm-i € C„+i(X) and m3 € iVo such that 

^ Cj = SC P 3 (z), 

6^ = Cj - cf and im(cj) C B^(xi). 
Now, let to := mi + to-2 + to 3 and 

c M := sd m (c) - sd ms (z) 

= sd m {c) - sd m2+m3 (c+) + sd m3 (^4) 

= sd m2+m3 (c-) + sd^^c'i). 

In particular, ith(cm) C Br m (xm)- Denote by c£ the Lipschitzian part of the 
boundary of c~ and Cg := 6c~ — ; recall that = — c and that c[ — sd m2 (c). 
Then 

6 CM = sd m 2+ m 3{c - +c - ) + sdm3{ ^.-J2c'^) 
= sd m2+m3 (cl) - «f" 3 (^ C f ), 

i.e. bcM € C^'_ 1 (X). The cone inequalities give now fillings c M G C^(X) of 6cm 
and Cm € C rl+ i(X) of c M — c M such that (3.3) is satisfied. Finally, 

M 

= sd m3 (z) + sd m (c)-sd m3 (z) = sd m (c). 

□ 

3.4. Proof of Corollary 1.4 and 1.6. Assuming Theorem 1.3 and 1.5, the proofs 
of Corollary 1.4 and 1.6 are the same up to minor changes. Therefore we only give 
the proof of Corollary 1.4. 

Proof of Corollary 1.4- We show that the chain homomorphism []: (X) — > I*(X) 
induces an isomorphism []:H^(X,A) — > H^ C (X,A) for all n > 0. Note that [] 
sends Z%(X,A) to Z I n c {X,A) and B%(X,A) to B^ C (X,A), so [] induces a homo- 
morphism from H%(X, A) to H„ C (X, A). 

Let T G Z^ C (X, A), as dT G I^A) and <9(<9T) = [0] there exists c G C^A) 
with 6c = sd m (0) = and V G wi th dV = dT- [c\. Now, T- V has boundary 

<9(T - = [c], Lc. there exists c G with be = sd m {c) (thus, _c G Z%(X, A)) 

and there exists V G (X) with dV = (T—V) — [c] ; hence V + dV G £,i c (X, A) 
and 

[c] + V + dV = T, 

showing the surjectivity of the homomorphism. 

Let c, c G Z%(X,A) with [c] + ^ c (X,yl) = [c] + £>^ c (X, A) , i.e. there exists 
R + dS e Bi c {X,A): 

[c]+R+dS = [c]. 

Then <9i? = [6(c - c)] and 6(c — c) G C^^A), so there exists Ci G C^(A), V G 
I£+i(A) with dV = R - [ci] and 6ci = sd mi (b(c - c)). Now, by (2.3) we get 

b(D muX (c - c)) + £> mi ,x(Kc - c)) - scP 1 (g - c) - c + c 
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Set C2 := D mit x(c — c) £ C^ +1 (X); note that by naturality D mit x(b(c — c)) = 
D muA (b(c-c))=: c 3 eC%(A). 
On the other hand, 

d(S + V) = [c - c] - [ci] = [srf mi (c - c) - ci] . 

Set c 4 := sd mi (c-c)- Cl £ C^(X); then 6c 4 = 0. So there is a filling c 5 £ C£ +1 (X) 
with 6c 5 = sef" 2 (c 4 ). Thus, c 6 := D x {ca) £ C^ +1 (X) has 

6c 6 = sd m2 (c 4 ) - c 4 = 6c 5 - scT 1 (c - c) + a. 

Together, 

c + ci - c 3 + 6(c 5 - c 2 - c 6 ) = c 

with ci — c 3 e C^(A) and C5 — c 2 — c 6 e C^ +1 (X), therefore the homomorphism is 
injective. 

□ 



4. Proof of Theorem 1.7 

The goal of this section is to show that the maximal divisible subgroup of H[ C (M) 
is trivial. In subsection 4.2 we will show that the maximal divisible subgroups of 
Hi (H) and i?i(H) are non-trivial. This implies that _ff/ c (IHI) is not isomorphic to 
cither one of these groups. 

Recall that the Hawaiian Earring H C t 2 is the countable union of the circles 

L n = {xeR 2 ;\\x-(l/n,0)\\ = l/n}, 

with metric given by 



d(x,y) := 



\\x-y\\, if 3neN: x,y £ L n , 
\x\\ + \\y\\ , otherwise 



4.1. Metric Currents and the Hawaiian Earring. In the proof we use the fact 
that the first homology group of the complex of integral currents on S 1 is isomorphic 
to Z. This follows from Corollary 1.4 and 1.6 since Hi(S 1 ) = Z. 

By definition, we have h{X) = for any H 2 null set X. It follows that H[ C (U) 
and H[ c (L n ) are simply the kernels of the maps d : Ii(H) — ► Io(H) and d : 
Ii(i«) — >• lo(-^n) respectively. Thus, showing that an element of H[ C (M) is zero is 
equivalent to showing that the integral current representing it is zero. 

Proposition 4.1. The maximal divisible subgroup of H[ C (M) is trivial. 

Proof. Let T £ Ii(H) be an element of the maximal divisible subgroup of H[ C (M). 
Let n £ N. We write p n : H — > L n for the map which sends x £ H to (0, 0) if x £ L n 
and to itself otherwise. We denote the inclusion L n — > EI by i n . The above remark 
shows that H[ c (L n ) ^ Z. We claim that H[ c (p n )(T) = (p n ) # (T) is zero. To 
see this, let k £ Z be an arbitrary integer. By assumption there exists an element 
T £ H[ C (M) such that T=k-T. It follows that (p„)#(T) = fc • (p„)#(T') e Z, 
i.e. every integer divides (j> n )#(T), which shows that (p n )#(T) = 0. We find in 
particular that (i n p n )#(T) = 0. 

On the other hand, we have (i n p n )#(T) = T[L n . This follows since both currents 
have support L n and since for any function / : H — > R, the restriction of / to L n 
agrees with the restriction of / o i n o p n to L n . These two facts imply the desired 
equality (by [Lan08, Lemma 3.2 and Theorem 4.4]). 

Together this implies that 

||T||(L n ) = M(T[L n ) = M((i nPn ) # (T)) = M(0) = 0, 
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and therefore that 

M(T) = ||T||(H)<f;||T||(L n ) = 0, 

71=1 

which follows by countable subadditivity of ||T||. We find that T = 0, i.e. that the 
maximal divisible subgroup of H[ C (M) is indeed trivial. □ 

4.2. The Maximal Divisible Subgroup of i?f (H). 

4.2.1. Overview. In [EK00] it is shown that the maximal divisible subgroup of 
Hi(M) is non-trivial. In order to construct a nontrivial clement of the maximal 
divisible subgroup of H{ (H) we follow the construction given in the proof of The- 
orem 4.14 in [Eda92]. Since we do not have a concise description of the Lipschitz 
homotopy group 7rf (H) we have to translate the algebraic definition given in loc. 
cit. to an explicit construction of certain Lipschitz maps a n : [0, 2A(n)] — > H, n € N 
(where X(n) < 1 is a real number). The a n have the following properties: 

i) For n > 2, [<7 n _i] = n ■ [cr n ] in iff (H) and 

ii) The element [<n] e fffQH) maps to a nonzero element under the homomor- 
phism iff (H) -» if^H). 

The idea behind the construction is the following. We first choose a sequence of 
maps c„ : [0, A(n)] — > H, n € N which represent commutators of certain standard 
loops in 7Ti (H) . We construct the maps a n in such a way that for n > 2 the equation 

fn-i = c„_i ■ cr„ • . . . • a n 

s v ' 

n times 

holds. This could be depicted as follows: 



Cl 



C2 



C3 



<T2 



Condition i) is satisfied since c„ is Lipschitz homotopic to a constant map. The 
commutators c„ are inserted to ensure that the clement [o^] G (H) does not 
vanish, which follows from the stronger fact that its image under the comparison 
map Hi (H) — > i?i(H) is a non-zero element. This is equivalent to proving that the 
corresponding element [cti] Wi € 7Ti(H) does not lie in the commutator subgroup. 
We prove this in Proposition 4.6 by reducing the problem to a question about 
commutator subgroups of free groups. 

4.2.2. Preliminaries. Let S be the set of finite sequences of (non-zero) natural 
numbers, i.e. of maps {1, . . . , n} — > N for n e N. We write s — (si, . . . , s n ) for 
the sequence with s(i) — Sj. We call n the length of s and denote it by £(s). 
For k,m € N let k ■ (to) denote the sequence s € S of length fc with s(i) = m, 
1 < i < k. The concatenation of sequences + : 5 x S — > 5 is given by the map 
which sends (s, s') e S 1 x S to the sequence s" given by s"(i) = s(i), 1 < i < £(s) 
and s"(j) = s'(j - £(s)) for i(s) + l<j< £(s) + £{s'). 

Let B = {s e S;s(i) < i and £(s) > 0}. We write 5„ for the subset of 5 
consisting of all sequences of length n and B n for B C\ S n . There is a linear order 
relation ^ on S such that for s, t € 5, s ^ i if and only if one of the following holds: 
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i) there exists k < min(£(s), £(t)) such that s(k) ^ t(k) and s(j) < t(j) for 
the minimal j with s(j) ^ t(j) 

ii) £(s) < £{t) and s(j) = t{j) for all 1 < j < £(s). 

The ordered set B can be embedded in the unit interval [0, 1]. For n e N let 

Kn) = 
v ; 2 n n\ 

and for s e B let 

t( S ) = ^A(^)), 

where the sum is taken over any enumeration (t n ) n£ jq of {i € -B; t -< s} if this set is 
infinite. Note that the sum does not depend on the chosen enumeration and that 
for all s e B, t(s) < 1. This follows since the cardinality of B n is n\. Indeed, let 
to e N and write N(m) for the maximum of {£(ti) 7 . . . , £(t m )}. Then the equation 

m N(m) 00 00 

E W*)) ^ E ( E A W) ^ E A Wn! = £ - = 1 

fc=l n=l t£B„, t-<s n=l n=l 

holds, which shows that the series is absolutely convergent. Using a suitable enu- 
meration we find that for s < s' the useful formula 

(4.1) t(s')-t(s)= £ A(*(t)) 

holds. 

The following lemma summarizes the basic properties of the map t : B — > [0, 1]. 

Lemma 4.2. Le£ n,TO G N, s, s' G and /e£ s" £ S be such that s + s" and 
s' + s" belong to B. 

i) The map t is strictly order preserving. 

ii) If s<t^s + (1), then te{s,s+ (1)}. Moreover t(s + (1)) - r(s) = A(n). 
Hi) Let 1 < m < n. Then s + (to) ^ t -< s + (to + 1) if and only if t(i) — s(i) for 

1 < i < n and t(n + 1) = m. 
iv) For 1 < to < n, t(s + (m + 1)) — r(s + (to)) = 2A(n + 1). 
v) The equality t(s + s") — t(s' + s") = t(s) — t(s') holds. 

Proof. Assume s -< H. Then we have by definition 

r(5) = ^A(^))=E A W*))+ E X (m) 

>'£x(£(t))+X(t(a))> 1 £x(e(t))=T(a) 

Ms t^s 

since X(£(s)) > 0. This shows that r is indeed strictly order preserving. 

Note that the second part of ii) follows immediately from the first and equa- 
tion (4.1). Now let s < t ^ s + (1) and let 1 < j < n. Then s(j) < t(j) would 
imply that s + (1) -< t, but this contradicts the hypothesis t < s + (1). Con- 
versely, s(j) > t(j) contradicts s ^ t, so we find that £(t) > n and t(j) = s(j) for 
1 < j < If £{t) = n we have i = s, so we can assume that £(t) > n and hence 
that t(n + 1) > 1. If t(n + 1) were greater than 1 we would have s + (1) -< t, so we 
can conclude that t(n + 1) = 1. But £ (t) > n + 1 then implies s + (1) <t (by case 
ii) of the definition of <) which is again a contradiction. So we finally find that 
t = s + (1), which establishes the second claim. 

To see iii) we have to consider two cases. First note that if t = s + (in) , the 
conclusion holds trivially, i.e. we can assume that s + (to) -< t. Then by definition 
we have to consider the two cases 
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a) there exists k < mm(n+l,£(t)) such that s+(m)(k) ^ t(k) and s+(m)(j) < t(j) 
for the minimal j with s + (m)(j) ^ t(j), or 

b) n + 1 < £(t) and s + (m)(j) = t(j) for all 1 < j < n + 1. 

In case b) we are obviously finished, so we can assume that we are in the situation 
of case a). If j < n we have s + (to + 1) <t which contradicts our assumption. It 
follows that s(i) = t(i) for 1 < i < n and that m < t(n +1). But this shows that 
s + (to + 1) if! t. Since we also have t -< s + (m + 1) we find that case a) cannot 
occur under the assumptions of iii) . 

The proof of iv) follows directly from iii) and equation (4.1). We have 

r(a+(m + l))-r(a + (m))= £ \(t(t)) - £ X(t(t)) 

tXs+(m+l) i^s + (m) 

E *('(*)) 

= A(£( S +(m»)+ ^ (]T A(fc)) 
fc>ri+l tec fc 

where Ct = {( € Bk\t(j) = s(j) for 1 < j < n and t(n + 1) = to}. Since the 
cardinality of Ck is j^fjy we find that 

r(* + <m+l>)-r(s+<m>) = A(*(s+<m») + £ ^Affc) 

fe>n+l ^ 

1 fc! 
^ A(n+1)+ (^Tl)! S 2^! 

1 °° 1 

= A(n + 1) + — -rr V ^ = 2 H n + !)• 

v y 2 n+1 (n+ 1)! ^ 2 fe v ; 
fc— l 

It remains to show v) . There arc natural numbers mi , . . . , rrid such that s" = 
(mi) + . . . + (nrid). By induction we can reduce the problem to the case s" = (to). 
Using iv) we can further reduce this to the case m — 1. Indeed, for m > 1 we have 

t(s + (to)) = r(s + (m)) — r(s + (m — 1)) + r(s + (m — 1)) 

= t(s + (to - 1)) + 2A(n + 1) = . . . = t{s + (1)) + 2(m - l)A(n + 1) 

which shows that 

r(s + (to)) - r(s' + (to)) = r(s + (1)) - r(s' + (1)). 

With ii) and equation (4.1) we find that t(s+ (1)) = r(s) + A(n+ 1) and therefore 
that the equality 

t(s + s") - T (a' + s") = t(s + (1)) - T (a' + (1» = r(s) - t(s') 

holds, as claimed. □ 

Lemma 4.3. The set 

I' 

is dense in [0, 1]. 

Proof. Let x € [0,1] and assume that for all s e B, x £ [t(s),t(s + (1))]. We 
construct a sequence (sj)jgN with r(s,) < a; as follows. Let S! = (1) (which trivially 
satisfies r(si) = < ir), and if Sk is defined for all k < i, let Sj be the maximal 
element of {s e Bj; r(s) < x}. This set is not empty since it contains Sj_i + (1). 
Indeed, by induction hypothesis we have t(s,_i) < a; and x ^ I' implies in particular 



= U[t( S ),t( S +(1»]C[0,1] 
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x $l [r(si_i),r(sj_i + (1))], so r(sj_i + (1)) < x. Moreover, for any i £ N there 
exists in £ N such that 

(4.2) s i+ i = Si + (m). 

This follows since Si -< Si + (1) ^ s,+i and therefore one of the following must hold: 

a) there is a k < i with Sj(fc) 7^ Sj + i(fc) and Si(j) < s i+ i(j) for the minimal j with 

^ s i+1 {j), or 

b) the sequence s i+ i extends Sj, i.e. s i+ i = Sj + (m). 

But case a) would contradict the maximality of s^: s' = (sj+i(l), . . . , Si + i(i)) is an 
element of Bi, the equation 

r(s') < r(s' + + 1))) = r(s i+ i) < x 

holds, and s' x Sj since Sj(j) < s, + i(j) = s'(j). 

This implies in particular that (r(si))i 6 N is a strictly increasing sequence and 
that sup{r(si);i e N} = lim^oo r(si) < x. We will show that this is an equality 
and therefore that x lies in the closure of /'. 

First note that the set 

C = {i £ N; 8i(i) <i} 

is either empty or infinite. If C were finite and non-empty, it would contain a 
maximal element iieN. We write s' for the sequence (s„(l), s„(2), . . . , s n (n — 1)) 
and let m — s n (n). Since n £ C we have m < n. By maximality of n and with 
equation (4.2) it follows that for i > n we must have Sj = s n + (n + 1, n + 2, . . . , i). 
Now let i -< s' + {m+l). Then we have either t -< s n or i(j) = s'(j') for 1 < j < n — l 
and t(n) = m (by Lemma 4.2 hi)). But in the latter case we must have t ^ s^ t ) 
since, for any i > n, Sj is the maximal element of Bi satisfying the given condition. 
So in either case there is an i £ N with t -< s,. It follows that 

t(s' + (to+1))= ^ A(*(t)) <supj^A(^'));* ^ s' + (m+l)| 

t-<s' + <m+l) M'^i 

< supj A(£(t'));fc e n| = lim r(si) < a; 

and hence, because x £ I', that r(s' + (m + 1)) < x. But this contradicts the 
maximality of s„ in {s £ B n ; r(s) < x}, so C must be infinite. 

We first consider the case C = 0. By construction we must have Sj = (1, 2, . . . , i) 
and it follows that 

^)>E(E A ( fc )) = E^ = 1 - 2 ii' 

fe=i te_B fc fe=i 

which shows that lim^oo r(sj) = 1. But this implies that x — 1 and that 2 is the 
limit of (r(si)) ieN . 

It remains to show that the same holds if C is infinite. We prove this by contra- 
diction, so assume now that lim^oo r(si) < x. Choose neN such that 2A(n) < e, 
where e = x — lim^oo r(si). Since the set C is infinite it follows that there exists 
N > n such that Sjv £ C. But now Lemma 4.2 iv) implies that we have 

t«sjv(1), s N {2), . . . s N {N - 1)) + (s N (N) + 1)) = t(s n ) + 2\{N) < t(s n ) + e < x, 

which contradicts the maximality of sjv in {s £ B^\ t(s) < x}. So we have indeed 
found a sequence (r(sj)), e N m I' with lim^oo r(s,) — x. □ 

This fact enables us to specify Lipschitz functions from [0, 1] to a complete metric 
space X (e.g. H) by specifying their restriction to /'. This is quite simple since for 
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s -< s' e B, the intersection of the two intervals [t(s),t(s + (1))] n [t(s'), t(s' + (1))] 
is either empty or the singleton {r(s')}. So if we have a 1-Lipschitz function 

Vs : [t(s),t(s+<1»]->H 

for each s€ JS with y> s (r(s)) = </5 s (t(s + (1))) = x , there is a unique 1-Lipschitz 
function (p : [0, 1] — > X with 

( 4 - 3 ) ^l[r(a),T(«+<l»] = </V 

We use this construction to define : [0, 1] — > EL 

The following construction is useful for the computation of certain finite sums 
in Hi(X). Given two Lipschitz maps a : [0,a] — > X and u' : [0,6] — ► X, a, 6 e R 
with <r(a) = cr'(0), their concatenation a ■ a' : [0, a + 6] — ► X is given by 



a • </(i) 



o-(t) if i < a 

o-'(i-a) ifa<t<6 



If (7 and a' represent elements of H±(X), so does a ■ a' and moreover the equation 

[*-*'} = [a] + [a'} 
holds. This follows as in the continuous case. 

4.3. Construction of the cr n . We write ip n for the Lipschitz function [0, 1] — > H 
which traverses the n-th loop L n of EI with constant speed. Explicitly, for t e [0,1] 
the equation 

( cos(27ri) 1 sin(27rf)\ 

4.4 fn{t)=\ i "+-,— 

In n n 

holds. The Lipschitz constant of <p n is bounded by fj, n — 2ir/n. Choose a sequence 
(nfe)fcgN such that 

4 M „ fc < A(fc) 

and nk+i > nk + 1. We write 

(4-5) c k = (p nk ■ ip 1lk+1 ■ <p~l ■ ip~l +1 o V : [0, A(fc)] -» H 

for the composition of (a representative of) the commutator of tp nk and </? nfc +i with 
the reparametrization ip : [0, A(fc)] — > [0,4] which sends i to 4i/A(fc). By choice 
of the sequence (nfc)fceN we find that Ck is a 1-Lipschitz function. For s € B and 
f € [r(s),r(s+ (1))] let (oi) s (t) = Q( s )(t — r(s)) and note that (oi) s (t(s)) = 
(cti) s (t(s+ (1))) = (0, 0). By the comment succeeding Lemma 4.3 there is a unique 
1-Lipschitz function a\ : [0, 1] — ► H such that 

(4-6) 0-i|[t( s ),t( s +<i»]M = c ^)(* - T ( s ))- 

holds. For n > 1 Let a n : [0, 2A(n)] H be the function which sends t e [0, 2A(n)] 
to 

(4-7) <7 n (f) = Cri|[r(n-(l)),r((n-l)-(l)+(2))](i + T(n ■ (1))). 

Proposition 4.4. For n > 1 i/ie equation 

o~ n -i — c n -i ■ cr n ■ . . . ■ a n 

V v ' 

n times 

holds, and consequently [<r n -i] = n ' I "™] i?f (H). 
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Proof. Let a = r((n- 1) • (1)), t £ [0,2A(n- 1)] and letx = t+a. If £ < A(n - 1) 
or equivalently x £ [r((n — 1) • (l)),r(n • (1))] we find that 

a n _ 1 (t)=a 1 (x) = a 1 | [T((n _ iHi))r(n(i))] (x) 

= c„_i(a; - a) = c„_i(i) = c„_i • <r ra ■ . . . ■ a n (i) 

n times 

holds. We can therefore restrict our attention to those points t £ [A(n— 1), 2A(n — 1)] 
with the property that t + a lies in so we can assume that there is a sequence 
so £ B such that x = t+a lies in the interior of [r(so), r(so + (l))). But t > A(n— 1) 
implies that x > r(n • (1)), and it follows that n ■ (1) ^ so since so is maximal with 
r(so) < x (see Lemma 4.2 ii)). On the other hand, we have 

r(s ) < a; < r((n - 1) • (1)) + 2X(n - 1) = r((n - 2) • (1) + (2)) 

and therefore (n- 1) • (1) ^ so -< (n — 2) • (1) + (2). By Lemma 4.2 iii) it follows that 
so = (n— 1) • (1) +s' for some sequence s' S S. But n- (1) ^ (n — 1) ■ (l) + s ; implies 
that s' is of the form (to) + s for some m £ N and a (possibly empty) sequence 
s £ S. Hence So = (n — 1) • (1) + (m) + s and we find that 



= ai(x) = c n+t{s) (x 


- T ((n-l).(l) + (m) + s)) 




= c n +i{s) (x - r((n - 


- 1) • (1) + (m) + s) + r(n • (1) + s) - r(n • 


(1> + *)) 


= c„ + £( s) (a; - r((n - 


-1)-(1) + (m)) +r(n-<l))-r(n-<l) + «; 


') 


= o"i ^a; — r((n — 1) • 


■<l) + <m))+r(n-<l))) 




= o- n (x - r((n - 1) 


•(1) + (to))) 




= <7„(t + r((n-l)- 


(l))- T ( (n -l).(l) + (TO))) 




= o-„(t - A(n - 1) - 


(to - 1) -2A(n)) 





holds, where the crucial step is an application of Lemma 4.2 v) and the last equality 
follows from Lemma 4.2 ii) and iii). On the other hand, since we have 

r((n-l)<l) + (to)) < x < r((n- 1)(1) + (m+1)) 

it follows that X(n — 1) + (to — 1) • 2A(n) < t < X(n — 1) + to • 2A(n), again from 
Lemma 4.2 ii) and iii). So in this case we have 

c„_i • o- n ■ ■ a n (t) = a n ■ ■ g„ (t - A(n - 1)) 

n times n times 

= gy, ■ . . ■ aj t - A(n - 1) - 2A(n)) 

n—1 times 

= <r n ■ . . ■ a n (t - X(n - 1) - 2 • 2A(n)) 

n — 2 times 



= a n • . . . • a n (t — A(n — 1) — (m — 1) • 2A(n)) 

(m— 1)) times 

= cr„(t - X(n - 1) - (to - 1) • 2A(n)), 

and we find that the claimed equality holds for a dense subset. The second state- 
ment follows since we have in general [a ■ a'\ = [a] + [a 1 ] . This implies in particular 
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that the commutator [c„_i] vanishes (since iff (H) is abelian) and therefore that 
[ct„_i] = n ■ [a n \. □ 

Corollary 4.5. The element [cti] lies in the maximal divisible subgroup of (H). 

Proof. The set 

D = {to ■ [a n ]; m e Z, n e N} 
is a divisible subgroup of iff (H). To see this, let m, m' eZ, n,n'6f) with n < n' . 
Then [ct„] = ^/[ov] by the above proposition. It follows that 

l l 



n 
m ■ - 

n\ 



so D is indeed a subgroup. But it is also divisible, for if I e N we have 
to • [ct„J = to • — [ctj.„J = I ■ ym- j [ai. n \ 

and to • ^-i)] Wi-n] € -D. □ 

It remains to show that [cti] 7^ 0. We will show that the image [<xi]s € ifi(H) 
of [cti] under the comparison map iff (H) — ► if 1(H) is non-zero. Using the isomor- 
phism 

ifi(H) S7ri(H)/[7ri(H),7ri(H)] 
we find that this is equivalent to showing that the loop u\ does not represent an 
clement of the commutator subgroup of 7Ti (H) . 

Let pk ■ H — > i nfc U in fc +i be the map which is the identity on L rik U L nk+ \ 
and which sends an element x e H \ i„ fc U i„ fc +i to (0,0). This is a (Lipschitz) 
continuous map and therefore induces a group homomorphism ni(pk) : 7Ti(H) — > 
7r 1 (i„ fc U i„ fc+ i). Since i„ fc U i„ fc+ i is homeomorphic to S" 1 V S 1 , 7r 1 (L„ fc U L nk+1 ) 
is isomorphic to the free group on two generators (a,b). Equation (4.4) implies 
that 7n(pfc)([vJ„Jir 1 ) = [Pfe°Vn*]iri = a and 7ri(p fe )([</?„ fe+ i] 7ri ) = [p fe o t/^+i]^ = 6 
under this isomorphism. We find in particular that 

(4.8) ir 1 {p k )([c k }) = aba- 1 b- 1 . 

Proposition 4.6. The element [cri] ni G 7r 1 (H) does not lie in the commutator 
subgroup [m (H) , 7Ti (H)] . 

Proof. ^From now on we identify 7r 1 (L„ (c U L„ t+1 ) with (a,b). We will first show 
that 7Ti(pfe) maps [oi] Wl to (afea _1 6 _1 ) fe! . By Lemma 4.3 the map p k ocri is uniquely 
determined by its restriction to the intervals [t(s),t(s+ (1))]. By equation (4.5) it 
follows that 

' c fc (t-T(s)) if £(s) = k 



Pk o eri|[r( s ),T( s +(i))](i) = Pk ° Q( s )(i - t(s)) 



(0,0) else 



Since there are precisely k\ sequences s £ B with £(s) = k we find that p k ° ci is 
homotopic (rcl. cndpoints) to 

Cfc ■ ■ ■ ■ ■ Cfc 

kl times 

and together with equation (4.8) that Tfi(pk)([o'i] 7 T 1 ) = (aba~ 1 b~ 1 ) k ' . 

Assume now that [c\] ni does lie in the commutator subgroup, i.e. that [ci] Wl = 
[xi,yi] • . . . • [x n , y„] for some Xi, yi € 7Ti(H). Since ni(pk) is a group homomorphism, 
it follows that for all k e N the element (aba~ 1 b~ 1 ) k] of (a, 6) can be written as a 
product of n elementary commutators. On the other hand, in [Cul81, example 2.6] 
it was shown that (aba~ 1 b~ 1 ) k] cannot be written as a product of less than [k\/2\ +1 
elementary commutators. Since k e N was arbitrary this is clearly a contradiction. 

□ 
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